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Abstract
Let P be a Delzant polytope. We show that the quantization of the corresponding
toric manifold XP in toric Ka¨hler polarizations and in the toric real polarization are
related by analytic continuation of Hamiltonian flows evaluated at time t =
√
−1s. We
relate the quantization of XP in two different toric Ka¨hler polarizations by taking the
time-
√
−1s Hamiltonian “flow” of strongly convex functions on the moment polytope
P . By taking s to infinity, we obtain the quantization of XP in the (singular) real
toric polarization.
Recall that XP has an open dense subset which is biholomorphic to (C
∗)n. The
quantization of XP in a toric Ka¨hler polarization can also be described by applying
the complexified Hamiltonian flow of the Abreu–Guillemin symplectic potential g, at
time t =
√
−1, to an appropriate finite-dimensional subspace of quantum states in the
quantization of T ∗Tn in the vertical polarization. By taking other imaginary times,
t = k
√
−1, k ∈ R, we describe toric Ka¨hler metrics with cone singularities along the
toric divisors in XP .
For convex Hamiltonian functions and sufficiently negative imaginary part of the
complex time, we obtain degenerate Ka¨hler structures which are negative definite in
some regions of XP . We show that the pointwise and L
2-norms of quantum states are
asymptotically vanishing on negative-definite regions.
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1 Introduction
Let (M,ω) be a symplectic manifold such that [ω/2π] ∈ H2(M,Z). The quantization of
the classical phase space (M,ω) should produce an appropriate Hilbert space of quantum
states. This is achieved in the framework of geometric quantization (see, for example,
[Wo]) by considering prequantum data (L,∇, h) which consists of a smooth complex line
bundle L → X with hermitian structure h and compatible connection ∇ with curvature
−√−1ω. In addition to this data, one needs to specify a so-called polarization of (M,ω).
This is an involutive Lagrangian distribution P in the complexified tangent bundle of
M. The corresponding Hilbert space of quantum states HP consists of states s satisfying
∇Xs = 0 for all X ∈ Γ(P).
A central problem in geometric quantization is the study of the dependence of HP on
the choice of P. In particular, one looks for natural unitary identifications between the
Hilbert spaces of quantum states associated to different polarizations.
Let P be a Delzant polytope. The quantization of the corresponding compact sym-
plectic toric manifold XP was studied in [BFMN, KMN1]. There, it was shown that
the quantization in the singular toric real polarization PR associated to the fibers of the
moment map
µ : XP → P
can be continuously related to the quantization of XP in a toric invariant Ka¨hler polariza-
tion determined by a toric invariant complex structure I. The Ka¨hler structure (XP , ω, I)
combines with the connection ∇ to define an holomorphic structure on the prequantum
bundle L, so that
HPI = H0(XP , L),
is the space of I-holomorphic sections of L. This space has a preferred basis of monomial
sections, {σm : m ∈ P ∩ Zn}, labeled by the integral points of P (see, for example,
[CLS]). As shown in [BFMN], as the Ka¨hler structure degenerates in an appropriate way,
the Ka¨hler polarizations converge to PR while the L1-normalized monomial holomorphic
section σm,m ∈ P ∩Zn, converges to a distributional section supported on µ−1(m). These
distributional sections generate HPR . In [KMN1], this continuous family of degenerating
Ka¨hler structures was further studied by the inclusion of the half-form correction, and
it was shown that in this case the convergence to distributional sections is obtained by
taking L2-normalized holomorphic monomial sections.
An interesting way of changing polarization on a symplectic manifold is by pushforward
by the flow of an Hamiltonian vector field. One then has explicit formulas for the time
evolution along the flow of the polarized sections of the prequantum bundle L. (See,
for example, the discussion of the Schro¨dinger equation in [Ki1, Sn, Wo].) Recently,
this idea has been extended to imaginary and complex time by considering the analytic
continuation in time of the Hamiltonian flow. This seems to have a wide application
2
in geometric quantization and sheds light on the relation between the quantization of
symplectic manifolds in real and Ka¨hler polarizations. Hamiltonian flows in complex time
were studied in the context of quantum gravity by Thiemann [Th]. In [HK1, HK2], the
evolution of polarizations under complexified flows on cotangent bundles was studied.
Let K be a compact Lie group. In [KMN2, KMN3], the quantization of the cotangent
bundle T ∗K ∼= KC with K×K-invariant Ka¨hler polarizations was studied by continuously
relating it to the quantization in the vertical polarization via complexified Hamiltonian
flows of convex Ad-invariant functions on Lie(K). This gives a new perspective on the
relation between the coherent state transform for Lie groups of Hall [Ha1] and geometric
quantization, as explored in [Ha2, KW1, FMMN1, FMMN2, LS2, LS3]. The case of abelian
groups, with K = Tn,KC = (C
∗)n, is of particular relevance for the present paper’s study
of toric varieties, since these carry an holomorphic action of (C∗)n with an open dense
orbit.
Complexified Hamiltonian flows also play a fundamental role in recent studies on the
geometry of the space of Ka¨hler metrics and on the study of the relation between algebro-
geometric notions of stability and the existence of constant scalar curvature metrics [Se,
CS, Do]. In fact, the rays of toric Ka¨hler structures studied in [BFMN, KMN1], and
which in the present paper are studied from the perspective of Hamiltonian evolution in
complex time, are geodesic rays in the space of toric Ka¨hler metrics. (See, for example,
[RZ1, RZ2, SZ].)
In this paper, we apply Thiemann’s complexifier method to the quantization of toric
manifolds. Further applications in other contexts will appear in [MN2].
By taking a strongly convex function on P as complexifier we relate the Ka¨hler quan-
tizations of XP along a geodesic ray of Ka¨hler structures. By taking imaginary time to
+
√−1∞, these Ka¨hler quantizations are then related to the quantization of XP associ-
ated to PR. In this way, we rederive the results of [BFMN, KMN1] through Hamiltonian
evolution in complex time.
By taking this Hamiltonian flow to sufficiently negative imaginary time, one can create
regions where the metric on XP is no longer positive definite. The polarized sections of
L then develop interesting behaviour since the derivatives of pointwise norms are very
sensitive to the positivity of the metric.
Recall thatXP has an holomorphic action of (C
∗)n with an open dense orbit XˇP . There
is an analog of the continuous family of Ka¨hler polarizations of a cotangent bundle of a
compact Lie group, starting at the vertical polarization, which was considered in [FMMN1,
FMMN2, KW2]. We use Thiemann’s complexifier approach to define an isomorphism of
a finite-dimensional subspace of the quantization of T ∗Tn with respect to the vertical
polarization with the Ka¨hler quantization of XP . In this case, the role of the complexifier
is played by an Abreu–Guillemin symplectic potential g, which is smooth on XˇP but
only continuous along XP . By taking the complexified Hamiltonian flow for this singular
Hamiltonian to imaginary time k
√−1, k ∈ R, we obtain singular Ka¨hler structures on XP
whose Ka¨hler metrics have cone angles at the toric divisors in XP .
2 Preliminaries on toric manifolds
In this section, we review some facts concerning toric varieties. For more details see e.g.
[CdS, Ab1, BFMN, KMN1]. Let (XP , ω) be a smooth compact symplectic toric manifold
with symplectic form ω such that
[
ω
2π
]− c1(XP )2 ∈ H2(X,Z). Denote the moment map by
µ : X → Lie(Tn)∗ ≃ Rn
3
and let P = µ(XP ) be the (Delzant) moment polytope with associated fan Σ.
Let Pˇ denote the interior of the moment polytope P . Consider action-angle coordinates
(x, θ) on XˇP ∼= Pˇ × Tn ∼= (C∗)n, so that µ(x, θ) = x = (x1, . . . , xn). The symplectic form
ω in this coordinate chart is simply
ω|µ−1(Pˇ ) =
n∑
j=1
dxj ∧ dθj . (2.1)
The condition [ ω2π ] − c1(X)2 ∈ H2(XP ,Z) allows us to choose the moment polytope P =
µ(X) such that
P =
{
x ∈ Rn : ℓj(x) = νj · x+ λj ≥ 0, j = 1, . . . , r
}
, (2.2)
with
λj ∈ 1
2
+ Z, j = 1 . . . , r, (2.3)
and where νj is the primitive inward pointing normal vector to the j-th facet.
The formalism of Guillemin and Abreu describes toric Ka¨hler structures in symplectic
coordinates. A torus-invariant complex structure on (XP , ω) is determined by a symplectic
potential g = gP + ϕ (also called an Abreu–Guillemin potential), where gP ∈ C∞(Pˇ ) is
gP (x) =
1
2
r∑
j=1
ℓj(x) log ℓj(x), (2.4)
and ϕ is a smooth function on P such that the Hessian HgP+ϕ is positive definite on Pˇ
and satisfies the regularity conditions
detHgP+ϕ =

α(x) r∏
j=1
ℓj(x)


−1
, (2.5)
where α is smooth and strictly positive on P [Gu, Ab1]. Denote the set of such functions
by C∞+ (P ) .
In the symplectic frame determined by the action-angle coordinates (x, θ) on XˇP , the
complex structure Ig and the metric γg = ω(·, Ig·) associated to the symplectic potential
g are
Ig =
(
0 −H−1g
Hg 0
)
and γg =
(
Hg 0
0 H−1g
)
. (2.6)
The symplectic potential g fixes a biholomorphism (XˇP , Ig) ∼= Pˇ × Tn ∼= (C∗)n given
by
(x, θ) ∈ Pˇ × Tn 7→ w = (w1, . . . , wn) = ey+iθ = (ey1+iθ1 , . . . , eyn+iθn) ∈ (C∗)n, (2.7)
where yj = ∂g/∂x
j . The map x 7→ y = ∂g/∂x is a bijective Legendre transform. The
inverse map is given by x = ∂h/∂y, where h is a Ka¨hler potential given in terms of g by
h := x · y − g.
This biholomorphism extends uniquely to a biholomorphism of XP with a complex toric
variety Y with fan Σ associated to P . Henceforth, we will assume that XP is equipped
with a Ka¨hler structure (XP , ω, Ig, γg) determined by ω and by a symplectic potential g.
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The Picard group of XP is generated by linear equivalence classes of the torus invariant
irreducible divisors D1, . . . ,Dr, where Dj , j = 1, . . . , r, is the toric divisor corresponding
to the preimage under the moment map µ of the j-th facet of P .
Consider a divisor DL = λL1D1+· · ·+λLrDr, for λL1 , . . . , λLr ∈ Z, defining a holomorphic
line bundle L = O(DL) on XP . Let σDL be the (unique up to constant) meromorphic
section of L with divisor DL.
From [CLS], the divisor of the (rational) function defined on the open orbit by
wm = wm11 · · ·wmnn , m = (m1, . . . ,mn) ∈ Zn,
can be computed to be
div(wm) =
r∑
j=1
〈νj,m〉Dj . (2.8)
One then has
H0(XP , L) = spanC {wmσDL : m ∈ Zn, div(wmσDL) ≥ 0}
= spanC
{
wmσDL : m ∈ Zn, 〈m, νi〉+ λLi ≥ 0, i = 1, . . . , r
}
. (2.9)
Therefore, there is a natural bijection between the torus invariant basis of H0(XP , L) and
the integral points of the Delzant polytope PL,
PL := {x ∈ Rn : 〈x, νj〉+ λLj ≥ 0, j = 1, . . . , r} ⊂ Rn. (2.10)
For simplicity, let us assume that L is ample so that there is a canonical bijection
between the vertices of PL and the vertices of P , defined by the equality of the set of
normals of the facets meeting at those vertices.
Let L→ XP be the smooth line bundle with first Chern class
c1(L) =
[ ω
2π
]
− c1(XP )
2
,
equipped with a prequantum connection ∇ with curvature −√−1 (ω − 12ρ), where ρ is the
Ricci form. L is the “half-form” corrected prequantum line bundle, as in [KMN1]. Recall
that [− ρ2π ] is the Chern class of the canonical bundleKXP of XP for a compatible complex
structure; if c1(XP ) is even, then L is the tensor product of the prequantum line bundle
of curvature −√−1ω with a square root of KXP .
With the above choice of moment polytope, there are no integral points on the bound-
ary of P and to each integral point inside P there corresponds a half-form corrected Ka¨hler
polarized state, i.e. a holomorphic section in H0(XP , L). Such sections are represented
as products
sm = σm ⊗
√
dZ, m ∈ P ∩ Zn. (2.11)
of multivalued sections σm corresponding to the integral points of P with a canonical
multivalued section
√
dZ of the square root of the canonical bundle
√
KXP with divisor
div(
√
dZ) = −1
2
(D1 + · · ·+Dr) .
Remark 2.1 In [KMN1], the inclusion of half-forms was treated in a different, but equiv-
alent, way involving a separation of the “norm” and “phase” parts of the (would-be)
half-form bundle. This treatment was necessary because the square root of the canoni-
cal bundle of a toric manifold may not always exist. It is straightforward to check that
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this formalism yields the same results as we obtain here, where by writing the half-form
corrected monomial sections as wme−h1U(1) ⊗
√
dZ one is implicitly allowing each of the
factors in the tensor product to be a ramified section. In any case, the tensor product of
the two factors is well defined and is a smooth section of a line bundle with Chern class[
ω
2π
]− c1(XP )2 . ♦
3 Complex-time evolution in geometry
In this section, we briefly review some aspects of the general theory of complex-time
Hamiltonian evolution in geometry. We first describe complex-time evolution in cotangent
bundles and then in more general symplectic manifolds.
3.1 The Thiemann complexifier method
The idea, which we describe now, is due to the work of Thiemann [Th] and has come
to be known as the Thiemann complexifier method. Consider a cotangent bundle T ∗M
equipped with its canonical symplectic structure. Fix a function h ∈ C∞(T ∗M), called
the complexifier function. Let Xh be its Hamiltonian vector field. A complex structure is
defined on T ∗M by declaring that given a function f :M → C, the function
fC := e
√−1Xhf (3.1)
is holomorphic. Here, e
√−1Xh can be understood as a power series
∑∞
j=1
√−1j
j! X
j
hf . One
may interpret (3.1) as saying that holomorphic functions are defined to be the composition
of vertically constant functions with the time-
√−1 Hamiltonian “flow” of h (which is, of
course, not a flow in the usual sense). Since Xh is a derivation of the Poisson bracket, we
have that for any two functions f1, f2 : M → C,
{e
√−1Xhf1, e
√−1Xhf2} = 0,
whence the symplectic form is type (1, 1) with respect to the complex structure.
In general there is no reason that (3.1) should be a convergent power series, and indeed
in general it is not. Nevertheless, the Thiemann complexifier method can be made rigorous
in many interesting situations.
The first fundamental observation is that the geodesic flow on a compact real-analytic
Riemannian manifold M can be analytically continued and the resulting geometry is the
adapted complex structure due to Lempert and Szo˝ke, and to Guillemin and Stenzel
[LS1, Sz, GS1, GS2]. There are many ways to describe a complex structure on a symplectic
manifold—in terms of its (1, 0)-tangent bundle, the almost complex tensor J , holomorphic
functions, or holomorphic sections, for example—and for each of these descriptions, there
is a version of the following theorem (due to the first author and Hall [HK1]) which explains
precisely what it means to analytically continue the geodesic flow. We state here a version
in terms of the (1, 0)-bundle, i.e., in terms of the corresponding holomorphic polarization
of T ∗M , as that is how we will primarily describe toric invariant complex structures. Since
the geodesic flow is the Hamiltonian flow of half the norm-squared function, the content of
the following theorem, at least in the present context, is that the Thiemann complexifier
method “works” if one takes E(x, p) := 12 |p|2 as a complexifier function.
Denote the time-σ geodesic flow by Φσ : T
∗M → T ∗M and the vertical tangent bundle
of T ∗M by Vert(T ∗M).
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Theorem 3.1 [HK1, Theorem 1] For every ε > 0 there exists R > 0 such that for each
(x, p) ∈ T ∗M with |p| < R, the family of Lagrangian subspaces
σ ∈ R 7→Pσ(x, p) := (Φ−σ)∗VertC(x,p)(T ∗M) ⊂ TC(x,p)T ∗M
can be analytically continued to a disk D1+ǫ of radius 1 + ε about the origin in C. The
resulting complex Langrangian distribution P√−1 on T ∗,RM := {(x, p) : |p| < R} is in-
tegrable, satisfies P (
√−1) ∩ P (√−1) = {0}, and is negative with respect to the canonical
symplectic form; that is, P√−1 is the (0, 1)-tangent bundle of a Ka¨hler complex structure
on T ∗,RM .
An equivalent theorem is that each real-analytic metric on M provides, via Thiemann
complexification with respect to the associated norm-squared function, a biholomorphism
of a tubular neighborhood of M in T ∗M with a tube in the Bruhat–Whitney complexifi-
cation of M .
In [KMN2, KMN3], the authors studied Thiemann’s complexifier method in the case
of T ∗K where K is a compact Lie group. The main geometric result is that there is an
infinite-dimensional family H(K) of Hamiltonians on T ∗K (which includes E) for which
Thiemann complexification makes sense. Here, we can state the result precisely in terms of
the complexification KC: each of the Hamiltonians in the family defines a diffeomorphism
T ∗K ≃ KC such that the pullback of the standard complex structure on KC is compatible
with the canonical symplectic structure on T ∗K.
One final remark before we return to the case at hand—toric manifolds—is that there
is nothing really special about time
√−1. In all of the above cases, the time-√−1t Thie-
mann complexification works just as well as long as t > 0. Moreover, the limit as t → 0
of the time-
√−1t complex structure yields the vertical polarization; it is a kind of degen-
eration of the complex structure. Lifting this to the quantum level yields what we call
“decomplexification”.
As t becomes negative, though, the resulting complex structures are generally negative
with respect to the symplectic form, and quantization with respect to a negative complex
structure is generally not well behaved. However, one of the main results of this article is
to show that for a large family of complexifiers on toric manifolds (the Abreu–Guillemin
potentials), one can in fact consider t < 0 and, although the resulting geometry include
negative Ka¨hler regions, we will see below in Section 5 the associated quantization is
nevertheless well behaved.
3.2 General complex-time evolution
Complexified Hamiltonian flows in more general symplectic manifolds have been used
both in quantization and geometry. In the context of Ka¨hler geometry, they describe
geodesics on the space of Ka¨hler metrics in a fixed cohomology class [ω/2π] ∈ H2(M),
with respect to the Donaldson–Mabuchi–Semmes metric. Hence, they play an important
role in the question of existence and uniqueness of Ka¨hler metrics with special properties,
such as constant scalar curvature metrics or Ka¨hler–Einstein metrics, and are related with
properties of algebro-geometric stability. (For reviews, see [Do, PS].) In the context of
geometric quantization, as described above and below, complexified Hamiltonian flows
can be used to relate quantizations of a given symplectic manifold (M,ω) with respect to
different polarizations. For example, in some cases, one can relate quantizations in a real
polarization with quantizations along families of Ka¨hler polarizations.
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In [MN1], the following approach to complex-time flows was taken. On (M,J0), one
acts with the complex-time τ flow eτXh (of a real-analytic vector field X) directly on
systems of local J0-holomorphic coordinates, thereby changing the sheaf of holomorphic
functions and obtaining a new complex structure (M,Jτ ) which is biholomorphic to the
initial one. In general, for compact M , this procedure is well defined so long as |τ | is
sufficiently small. In the case of a Ka¨hler manifold (M,ω, J0) and of the flow of a real-
analytic Hamiltonian vector field Xh, this construction yields a local one-parameter family
of inequivalent Ka¨hler structures (M,ω, Jτ ).
Theorem 3.2 [MN1] Let (M,ω, J0) be a compact real-analytic Ka¨hler manifold (here,
ω and J0 are real analytic). Let h ∈ Cω(M). There exists T > 0 such that for all
τ ∈ C, |τ | < T ,
a) the action of the complex-time Hamiltonian flow of Xh on the sheaf of J0-holomorphic
functions defines a Ka¨hler structure (M,ω, Jτ ), and
b) the corresponding Ka¨hler polarization is given by
Pτ = eτLXhP0,
where P0 is the Ka¨hler polarization defined by J0. The polarization P can be in-
terpreted as a convergent power series in τ if eτLXh is applied to appropriate lo-
cal sections of P0, such as {Xzi}i=1,...,n, where {zi}i=1,...,n is a system of local J0-
holomorphic coordinates.
Moreover, one can obtain an explicit formula for the time τ evolution of the Ka¨hler
potential on M . This approach to the description of complexified Hamiltonian flows is
related to the one explored in [BLU], where the complexified flow is constructed first in a
complexification MC of M and then projected to M .
Below, we will see how complex-time Hamiltonian evolution can be applied in the con-
text of toric geometry and subsequently in the quantization of symplectic toric manifolds.
3.3 Complex-time flow of toric geometries
Let g be a symplectic potential for XP and let Pg = T 0,1XP be the corresponding Ka¨hler
polarization of (XP , ω), so that
Pg = spanC
{
∂
∂z¯j
, j = 1, . . . , n
}
,
where zj = yj + iθj , j = 1, . . . , r with yj = ∂g/∂x
j . Let PR be the (singular) toric real
polarization of (XP , ω) given at each point by the complexified tangent space to the fibers
of the moment map µ,
PR = spanC
{
∂
∂θj
, j = 1, . . . , n
}
.
Let ψ be a smooth strongly convex function on P so that sψ ∈ C∞+ (P ) for all s > 0.
In [BFMN], the family of toric Ka¨hler structures determined by gs = g + sψ was studied.
Lemma 3.3 [BFMN] Pointwise, in the positive Lagrangian Grassmannian of (XˇP , ω),
lims→∞Ps = PR.
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Let Xψ = −
∑n
j=1
∂ψ
∂xj
∂
∂θj
be the Hamiltonian vector field for ψ. The following is a
toric analog of Theorem 3.10 of [KMN1].
Theorem 3.4 Let s > 0.
a) As distributions, Pgs = e
√−1sLXψPg.
b) If dZs denotes the Igs-meromorphic section of KXP with divisor −(D1 + · · · +Dr),
then dZs = e
√−1sLXψdZ, where the right-hand side makes sense (pointwise) as a
power series in s.
Proof. Since the symplectic form ω is of type (1, 1) with respect to the complex structure
determined by gs, we have that the (0, 1)-part of the tangent space of XP relative to the
complex structure Igs is pointwise generated by the Hamiltonian vector fields associated
to the corresponding holomorphic coordinates zjs , j = 1, . . . , n. These are given by
zj(s) = yj + s
∂ψ
∂xj
+
√−1θj = yj(s) +
√−1θj,
where yj(s) =
∂gs
∂xj
.
For a smooth function h ∈ C∞(XP , ω) let Xh be the associated Hamiltonian vector
field. We then have, for smooth functions f ∈ C∞(XP , ω) and for real time t,
XetXh ·f = e
tLXhXf ,
where etXh · f and etLxhXf represent, respectively, the pullback of f by the flow of Xh
and the pushforward of Xf by the flow of −Xh at time t. In many interesting situations
(such as the present case of toric varieties) these expressions are analytic in t and admit
analytic continuation to complex-time τ . (See [HK1, HK2, KMN2, MN1].)
In fact, Xψ(zj) = −√−1 ∂ψ∂xj and Xψ(Xψzj) = 0 so that
e
√−1sLXψ zj = yj + s
∂ψ
∂xj
+
√−1θj = zj(s).
It follows that Pgs is generated by Xzj(s) = e
√−1sLXψXzj = X
e
√−1sXψ ·zj
, j = 1, . . . n,
which proves (a).
To prove (b), note that since the exterior derivative and pullback commute, and since
dZ = dz1 ∧ · · · ∧ dzn, we obtain e
√−1sLXψdZ = dZs.
3.4 Compactifying singular flows to toric geometries
We will now consider the time t =
√−1 Hamiltonian evolution for the Hamiltonian vector
field Xg associated to the symplectic potential g. This is a singular Hamiltonian function
which is not differentiable on the boundary ∂P . However, its complexified Hamiltonian
flow is still useful as it describes Ka¨hler toric polarizations on XP starting from a real
polarization.
The Hamiltonian vector field of g on XˇP is given by
Xg = −
n∑
j=1
yj
∂
∂θj
. (3.2)
On XˇP , consider the vertical polarization, which is spanned by the vectors ∂/∂x
j , j =
1, . . . , n.
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Theorem 3.5
a) Interpreted as an infinite series, the operator e
√−1LXg applied to the vector field ∂
∂xj
converges, and as distributions, Pg = e−
√−1LXgPv .
b) dZ =
√−1ne
√−1LXgdθ1 ∧ · · · ∧ dθn.
Proof. First,
[
Xg,
∂
∂xj
]
= −∑ni=1(Hg)ji ∂∂θi and [Xg, [Xg, ∂∂xj ]] = 0, so that
e−
√−1LXg ∂
∂xj
=
∂
∂xj
+
√−1
n∑
i=1
(Hg)ji
∂
∂θi
= 2
n∑
i=1
(Hg)ij
∂
∂z¯j
,
which proves (a).
Since, e
√−1Xgθj = −√−1zj , j = 1, . . . n, we have e
√−1LXgdθj = dθj − √−1dyj = −idzj ,
which implies (b).
3.5 Cone-angle metrics on toric manifolds
Let (X,ω, I) be a Ka¨hler manifold and let D ⊂ X be a divisor. A (singular) Ka¨hler metric
is said to have cone angle 2πβ along D if it is smooth along X \D and if at each point
in D there is a local coordinate chart (U, (z1, . . . , zn)) such that D ∩ U is given by z1 = 0
and the metric locally is uniformly equivalent to
√−1
n∑
j=1
dzj ∧ dz¯j + √−1|z1|(2β−2)dz1 ∧ dz¯1.
(See, for example, [CDS, DGSW])
Let P be the Delzant polytope
P = {x ∈ Rn : li(x) = 〈x, νi〉 − λi ≥ 0, i = 1, . . . , r}.
As shown in [DGSW, Prop. 2.1], a Ka¨hler metric on XP with cone angle singularity
2πβi, 0 < βi ≤ 1, at the toric divisor Di corresponding to li = 0 is described by the
symplectic potential
gβ =
1
2
r∑
j=1
β−1j lj log lj + ψ
for some ψ ∈ C∞(P ). This generalizes the construction of toric Ka¨hler metrics on toric
orbifolds [LT, Ab2, BGL].
In this section, we will see that Ka¨hler toric cone angle metrics can be described by
the complex-time Hamiltonian flow of the symplectic potential gβ applied to the vertical
polarization of the dense orbit (C∗)n.
Theorem 3.6 Let ((C∗)n, ω, Is) be the Ka¨hler structure on (C∗)n obtained from the ver-
tical polarization of Pˇ × Tn by the time √−1s flow of Xgβ . Then, for s > 0, ((C∗)n, ω, Is)
compactifies to a cone angle metric on XP with cone angle 2πβ/s.
Proof. Consider the coordinates θ = (θ1, . . . , θn) on T
n. As in the proof of Proposition
3.5, we have
e
√−1sXgβ · θj = θj − √−1s∂gβ
∂xj
.
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Therefore, the vertical polarization evolves under the complex-time Hamiltonian flow to
the polarization defined by the complex structure given by the local holomorphic coordi-
nates
zj(s) = s
∂gβ
∂xj
+
√−1θj, j = 1, . . . n.
In symplectic coordinates (x, θ) on the open dense orbit, the metric will have the familiar
form
γs,β = s
n∑
i,j=1
[Hgβ ]ijdx
i ⊗ dxj + 1
s
[Hgβ ]
−1
ij dθi ⊗ dθj .
Since sHgβ = Hgβ/s, the result follows.
By applying the complex-time flows of singular Hamiltonians of the form gi =
1
2 li log li
in succession, we obtain the following.
Corollary 3.7 Let ((C∗)n, ω, Iβ) be the Ka¨hler structure on (C∗)n obtained from the ver-
tical polarization of Pˇ × Tn by the chain of complex-time Hamiltonian flows given by
e
√−1
βi
Xg1 ◦ · · · ◦ e
√−1
βd
Xgr
where gi =
1
2 li log li. Then, ((C
∗)n, ω, Iβ) compactifies to a cone angle toric metric on XP .
Proof. The proof follows exactly as in the proof of Theorem 3.6 and from the fact that
the Hamiltonian flows of Xgj commute with each other for j = 1, . . . , r.
4 Quantization of complex-time flows
In this section, we quantize the complex-time flows discussed in Section 3 and relate the
results to the case of compact Lie groups. In particular, we lift the complex-time “flows”
to the (half-form corrected) prequantum bundle.
4.1 Prequantum operators and analytic continuation
Consider a symplectic manifold (M,ω) equipped with a prequantum bundle L→M . The
lift of the Hamiltonian vector field Xh of h ∈ C∞(M) to the prequantum bundle is the
horizontal lift of Xh plus h·√−1w∂w, where √−1w∂w is the canonical C×-invariant Liouville
vector field on the fibers of L.
The flow of this lifted vector field induces an action on sections of L which is given
infinitesimally by the Kostant–Souriau prequantum operator hˆ :=
√−1∇Xh+h. For t ∈ R,
denote the time-t flow of the lifted vector field by e−
√−1thˆ : Γ(L)→ Γ(L). As in Section 3
(Theorems 3.1 and 3.4), we wish to analytically continue this flow to a map D1+ǫ×Γ(L)→
Γ(L) for some ǫ > 0.
One does not expect in general that the analytic continuation of this lifted flow yields
a unitary map between sections of the prequantum bundle. For example, for M = T ∗K
where K is a compact Lie group K equipped with a bi-invariant metric and h equal to
half of the norm-squared function on the fibers, the time-
√−1 flow is analytic continuation
with respect to the standard complex structure on KC ≃ T ∗K, which is obviously not
unitary.
On the other hand, let H0 be the Hilbert space for the half-form-corrected verti-
cal quantization of T ∗K and H√−1 the Hilbert space for the Ka¨hler quantization of
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T ∗K ≃ KC. In [Ha2], Hall showed that his generalized Segal–Bargmann transform can
be constructed as the unitary isomorphism between H0 and H√−1 which arises from the
BKS pairing. The generalized Segal–Bargmann transform can be expressed in terms of
the time-
√−1 flow of half the norm-squared function, which we denote by h, as
ehˆ ◦ E(√−1, h) : H0 →H√−1,
where E(
√−1, h) := e
1
2(∆−|ρ|2) (here, ρ is half the sum of the positive roots of K) [KMN2].
In [KMN2, KMN3], we constructed the following generalization of Hall’s Segal–
Bargmann transform. Let h be a strongly convex Ad-invariant function h ∈ C∞(T ∗K)
and denote the vertical tangent bundle of T ∗K by P0. Then for each τ ∈ C+,
Pτ = eτLXhP0,
is a purely complex positive integrable polarization of T ∗K, which therefore induces a
Ka¨hler structure (T ∗K,ω, Jτ ).
Let Hτ be the half-form corrected Ka¨hler quantization of T ∗K with respect to Pτ . We
show that the operator e−
√−1τhˆ is a densely defined linear map from H0 to Hτ which
intertwines the canonical K × K actions, and moreover, there exists a densely defined
operator E(τ, h) on H0 such that the composition
e−
√−1τhˆ ◦E(τ, h) : H0 →Hτ
is a unitary isomorphism.
The lesson here is that one might expect that the precomposition of a complex-time
flow with some sort of “Schro¨dinger” quantization might yield a unitary isomorphism. In
the remainder of this section, we investigate to what extent this intuition holds in the
toric setting. We will see that, as in the case of T ∗K, complex-time evolution in the
toric setting is a sort of analytic continuation, but on the other hand, precomposing this
analytic continuation with a Schro¨dinger-type quantum operator yields a map which is
only asymptotically unitary.
4.2 Starting at a toric Ka¨hler polarization
Let L → XP be the prequantum bundle. As in [BFMN, KMN1], we take the connection
on L to be
∇1U(1) = (−√−1xdθ) 1U(1),
where 1U(1) is a unitary trivialization of L over XˇP .
As in Section 3.3, let ψ be a smooth strongly convex function on P . The prequantum
operator associated to ψ is
ψˆ =
√−1∇Xψ + ψ = √−1Xψ − x ·
∂ψ
∂x
+ ψ.
Consider the family of symplectic potentials on XP given by gs = g+ sψ, s > 0, where
g is some fixed symplectic potential. The half-form corrected quantization of XP in the
polarization Pgs = e
√−1sLXψPg (Theorem 3.4) is given by [BFMN, KMN1]
HPgs =
{
σms = w
m
s e
−hs(x)
1
U(1) ⊗
√
dZs,m ∈ P ∩ Zn
}
, (4.1)
where hs(x) = x · ∂gs∂x − gs(x), wjs = eyj(s)+
√−1θj , and yjs = ∂gs∂xj . (Recall from Section 2
that P ∩ Zn = Pˇ ∩ Zn, see (2.3) and (2.2)).
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From Theorem 3.4, we have e
√−1sLψdZ = dZs. As in [KMN1], we will define the
action of the operator eisLψ on half-forms in a way which is consistent with its action on
the algebra of smooth functions on XP by setting
e
√−1sLψ
√
dZ =
√
dZs. (4.2)
Proposition 4.1 For all s > 0, the operator esψˆ ⊗ e
√−1sLψ : HPg → HPgs is an isomor-
phism, and
esψˆ ⊗ e
√−1sLψσm0 = σ
m
s , m ∈ P ∩ Zn.
Proof. We have
esψˆ
(
wme−h0
)
= e−s(x·
∂ψ
∂x
−ψ)e−h0e
√−1sXψ (wm0 ) = e
−hswms .
The result then follows from (4.1) and (4.2).
Recall from [KMN1] that as s→∞,
‖σms ‖L2(XP ,L) ∼ π
n
4 egs(m), m ∈ P ∩ Zn. (4.3)
Therefore, the operator esψˆ, which evolves polarized sections along the flow of Ka¨hler
structures, is not unitary. This is an analog of what happens for the cotangent bundle
T ∗K of a compact Lie group in [KMN2, KMN3]. In particular, as reviewed in Section
4.1, the corresponding operator is analytic continuation from K to KC, which is of course
not unitary. The unitarity of Hall’s coherent state transform is achieved by precomposing
with the heat kernel operator. In the setting of toric manifolds, we will see in Section
4.3 that unitarity can only be achieved asymptotically as s → ∞; this is expected from
[KMN1].
Before dealing with unitarity, we must study the limit object. The quantum states
for the quantization of XP in the real polarization PR have support along the Bohr–
Sommerfeld fibers µ−1(P ∩Zn) [BFMN]. The following is proved in [BFMN, KMN1]: the
PR-polarized quantum Hilbert space is
HPR = {δm ⊗
√
dX,m ∈ P ∩ Zn},
where δm is a Dirac delta distributional section of L supported on µ−1(m) and dX =
dx1 ∧ · · · ∧ dxn.
Theorem 4.2 [KMN1] As distributional half-form corrected sections of L,
lim
s→∞
σms
‖σms ‖L2(XP ,L)
= 2n/2πn/4δm ⊗
√
dX.
Since the flow of ψ preserves PR, a natural quantization of the classical observable ψ
on HPR is given by the operator
ψˆR : HPR →HPR
δm ⊗
√
dX 7→ ψ(m)δm ⊗
√
dX,
since the support of the distributional section δm⊗
√
dX is µ−1(m). We extend the domain
of this operator by setting
ψˆR : HPg →HPg
σm 7→ ψ(m)σm. (4.4)
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We then have an (asymptotic) analog of the coherent state transform of Hall in the
context of toric manifolds. Define an operator Aψg,s : HPg →HPgs by
Aψg,s :=
(
esψˆ ⊗ e
√−1sLψ
)
◦ e−sψˆR . (4.5)
In fact, the map Aψg,s is an analog of the KSH map of [KMN2, KMN3]. For each
s, identify HPgs ≃ C#(P∩Z
n) via the basis of L2-normalized holomorphic sections
{σms /‖σms ‖L2(XP ,L)}, and for HPR via the basis {δm ⊗
√
dX}.
Theorem 4.3 The map Aψg,∞ : HPg →HPR determined by
Aψg,∞
(
σm0
‖σm0 ‖L2(XP ,L)
)
:=
(2π)n/2eg(m)
‖σm0 ‖L2(XP ,L)
δm ⊗
√
dX
satisfies lims→∞A
ψ
g,s = A
ψ
g,∞ in GL(#(P ∩ Zn),C).
Proof. We can compute
lim
s→∞
(
esψˆ ⊗ e
√−1sLψ
)
◦ e−sψˆR
(
σm0
‖σm0 ‖L2(XP ,L)
)
=
e−sψ(m)
‖σm0 ‖L2(XP ,L)
σms .
so the result follows from (4.3) and Theorem 4.2.
4.3 Starting at the vertical polarization
Recall that the quantization of T ∗Tn in the vertical polarization Pv = spanC
{
∂
∂xj
}
j=1,...,n
,
where we identify XˇP ∼= Tn × Pˇ ⊂ (C×)n, is given simply by
HPv = L2(Tn),
which is generated by the monomials {e
√−1mθ}m∈Zn .
In this section, we shall see that some of these monomials, namely the ones correspond-
ing to integral points inside the moment polytope P , produce the monomial holomorphic
sections of L → XP in the Ka¨hler quantization of (XP , ω, Ig) when acted upon by the
time-
√−1 Hamiltonian evolution of the symplectic potential g, considered as a function
on XP . Note that the Hamiltonian function used in the complexification process, the
symplectic potential g, is not smooth on XP (compare to [KMN2]): it is singular along
µ−1(∂P ). This allows the Legendre transform y = ∂g∂x to generate all of R
n from the
bounded region Pˇ .
Theorem 4.4 The time-
√−1 flow of the vector field Xg induces an isomorphism from the
algebra A generated by the characters e
√−1mθ,m ∈ Zn, of Tn onto the algebra generated
by Ig-monomial (meromorphic) functions on (XP , Ig)
exp(
√−1Xh) : A→ OIg(XˇP )
e
√−1mθ 7→ wm.
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Proof. We have from (3.2) that for any m ∈ Zn, e
√−1Xgeimθ = em(y+
√−1θ) = wm.
The prequantum operator associated to g is
gˆ =
√−1∇Xg + g = √−1Xg − h, (4.6)
where h = x · y − g is the Ka¨hler potential for (XP , ω, Ig).
Consider the following subset of the set of characters of Tn, which is a finite-dimensional
subspace of the Hilbert space for the quantization of T ∗Tn in the vertical polarization:
AP = spanC
{
e
√−1mθ,m ∈ P ∩ Zn
}
.
Let Θ = dθ1 ∧ · · · ∧ dθn.
Theorem 4.5 The operator
egˆ ⊗ e
√−1LXg : AP1U(1) ⊗
√
dΘ→ HPg
is an isomorphism.
Proof. The result follows from (4.1), Proposition 3.5 (b) and Theorem 4.4 since
egˆ ⊗ eiLXg
(
e
√−1mθ
1
U(1) ⊗
√
dΘ
)
= wme−h1U(1) ⊗
√
dZ = σm,
for all m ∈ P ∩ Zn.
In order to study the unitarity properties of this isomorphism, we define a quantum
operator gˆR : AP1U(1) ⊗
√
dΘ→ AP1U(1) ⊗
√
dΘ by setting
gˆR
(
e
√−1mθ
1
U(1) ⊗
√
dΘ
)
= g(m)e
√−1mθ
1
U(1) ⊗
√
dΘ.
This is analogous to what we did in 4.4.
As in [FMMN2, eq. 3.12], define an inner product in AP such that ‖eimθ ⊗
√
dΘ‖ =
πn/4. As in (4.5), consider the operator Ags0,1 : AP1U(1) ⊗
√
dΘ→HPgs defined by
Ags0,1 :=
(
egˆs ⊗ e
√−1LXgs
)
◦ e−(̂gs)R .
The following corollary follows from (4.3) and Theorem 4.2.
Theorem 4.6 There exists a unitary operator U : AP1U(1) ⊗
√
dΘ → HPR such that
U = lims→∞A
gs
0,1, where the limit is understood as in Theorem 4.3.
Remarks 4.7
1. The map Ag0,s = A
sg
0,1 for s 6= 1 would map AP1U(1)⊗
√
dΘ to the quantization of XP
with respect to a Ka¨hler polarization corresponding to a metric with cone angles,
although we do not study these more general maps here.
2. The results in this section show that the quantum Hilbert spaces for Ka¨hler quan-
tizations of toric manifolds of dimension 2n can all be obtained by complex-time
evolution from appropriate finite-dimensional subspaces of the Hilbert space for the
Schro¨dinger quantization of the cotangent bundle T ∗Tn.
♦
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5 Singular indefinite Ka¨hler polarizations
5.1 Geometry of indefinite Ka¨hler polarizations
In this section, we consider again the geodesic ray of Ka¨hler structures on XP induced by
the symplectic potentials gs := gP + sψ, where ψ ∈ C∞+ (P ). The results of this section,
however, hold mutatis mutandi for general ψ ∈ C∞(P ). For all s > 0, gs induces a Ka¨hler
structure on XP in the usual way (2.6). Our task here is to investigate the behavior of
g−s, as well as the resulting Ka¨hler-type geometry of XP , for both finite s > 0 and for
large s > 0.
First, observe that for s sufficiently large, g−s will no longer be convex on Pˇ . This has
several consequences. Let scvx ≥ 0 be the smallest real number such that gs is convex for
all s > −scvx.
To simplify notation in this section, we denote the Hessian of the symplectic potential
gs by Hs := Hgs . Then for all s ≤ −scvx, the zero locus Zs := {x ∈ P : detHs(x) = 0}
of the Hessian is nonempty. The set of possible signatures of n× n matrices with nonzero
determinant is {(a, b) : a+ b = n}. We may decompose P \ Zs into a union of open sets
P \ Zs =
⋃
a+b=n
P (a,b)s ,
where P
(a,b)
s := {x ∈ P : sig(Hs(x)) = (a, b)}. Each open set P (a,b)s can be written as a
disjoint union of open connected neighborhoods, which we call islands:
P (a,b)s =
n
(a,b)
s⋃
j=1
U
(a,b)
s,j .
It is possible that n
(a,b)
s = ∞ (perhaps even uncountably infinite, but we will keep our
notation simple and assume at most a countable number of islands); we will give an
example below.
As is clear from (2.6), the Ka¨hler geometry of XP is controlled by the Hessian Hs of
gs, whose behavior is essentially determined by the signature, a constant on each island
U
(a,b)
s,j .
For s > −scvx, it is well known that the resulting path of metrics s ∈ (−scvx,∞) 7→ γs
on XP is a Mabuchi geodesic in the space of Ka¨hler metrics in the class of ω. The constant
−scvx is what Rubinstein and Zelditch call the convex lifespan of the geodesic [RZ1, RZ2].
They show that for s < −scvx, the path s 7→ γs fails to be even a weak solution to
the geodesic equation and that as s approaches −scvx from above, the metric develops
singularities1. On the other hand, they show that the metric remains positive definite on
a dense set (the complement of the singular locus) and that on this dense set, the path
γt still solves the geodesic equation (actually, they work in the equivalent formulation in
terms of the homogeneous Monge–Ampe`re equation).
For all s there are positive islands (that is, islands where the signature of Hs is positive
definite) around each vertex. As s approaches the convex lifespan, the metric becomes
singular. The analysis of Rubinstein–Zelditch, from the fixed-symplectic point of view,
cuts out a neighborhood of the union of the indefinite islands on XP and glues the result,
thus yielding a toric manifold with a singular metric which, outside the singular set,
is biholomorphic to the original XP . It is, however, interesting to investigate XP in
1Rubinstein and Zelditch actually parameterize t = −s.
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the indefinite region at both the level of geometry and in terms of the behavior of the
quantization of XP .
We begin with some remarks on the geometry of the indefinite islands. First, because
we consider strongly convex ψ, we can show that there is some minimal sneg ≥ scvx such
that for s < −sneg, there is a family of connected negative-definite islands U (0,n)s which
“fills” P as s → −∞. On the other hand, for each vertex v ∈ P and for all s there is a
positive-definite island U
v,(n,0)
s containing v. After proving these two results, we will give
examples which show that these results are the best one can expect.
We say that a family of islands {U (a,b)s : s ∈ I ⊂ R} is increasing if U εs ⊃ U εs′ whenever
s > s′.
Theorem 5.1 Let K be a compact subset of the interior Pˇ of the moment polytope of XP .
Then there exists some sK and an increasing family {UK,(0,n)−s : s ∈ (sK ,∞)} of islands
such that K ⊂ UK,(0,n)s for all s < −sK. Moreover, for any compact subset K ⊂ Pˇ ,⋃
s<−sK
UK,(0,n)s = Pˇ .
Proof. Since Hessian of ψ is bounded on P and hence on K, for each point in K there
is some s(x) such that H−s(x)(x) < 0. Since H−s(x) < 0 is an open condition, there is a
an open neighborhood U
x,(0,n)
−s(x) of x on which H−s(x) < 0. Moreover, for any s < −s(x),
Hs(x) remains negative definite on U
x,(0,n)
−s(x) . The compact set K is necessarily covered by
such open neighborhoods. Choose a finite subcover and let sK be the largest s(x) which
occurs in this finite subcover. Then for any s > sK , H−s(x) < 0 for all x ∈ K.
It follows that for any K, there is a negative-definite island, which we denote by
U
K,(0,n)
sK , containing K. Moreover, if K1 and K2 are nondisjoint compact subsets of PˇX
and sK1,K2 := max{sK1 , sK2}, then UK1∪K2,(0,n)sK1,K2 contains K1,K2, U
K1,(0,n)
sK1
and U
K2,(0,n)
sK2
.
That is, U
K1,(0,n)
sK1,K2
= U
K2,(0,n)
sK1,K2
= U
K1∪K2,(0,n)
sK1,K2
. To obtain the desired family, apply this to
an increasing sequence K1 ⊂ K2 ⊂ · · · of compact subsets of Pˇ such that
⋃
Kj = Pˇ .
Theorem 5.2 For each vertex v ∈ P there is a family of islands {Uv,(n,0)s : s ∈ R} such
that for each s ∈ R, v ∈ Uv,(n,0)s .
Proof. The Hessian of gP is
(
1
2
∑
k
νikν
j
k
ℓk(x)
)
(see equation (2.2)), where we order the terms
so that ℓk(v) = 0 for k = 1, . . . , r. Hence, we see that the Hessian of gP is unbounded near
v. On the other hand, the Hessian of ψ is bounded on P . Hence, for any s, Hs is positive
definite for x sufficiently close to v.
In the next example, we see the positive-definite islands around the vertices of P
shrinking as s becomes large and negative. Moreover, U
v,(n,0)
s ∩ Uv
′,(n,0)
s = ∅ for all
s < −2 unless v = v′.
Example 5.3 Consider CP 1×CP 1 with moment polytope P = [0, 1]×[0, 1] and symplec-
tic potential gs =
1
2
∑2
j=1(xj log xj + (1− xj) log(1− xj)) + s(2x21 + x22)/2. Then scvx = 1
and sneg = 2. For all s < −sneg, the island decomposition of P is
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1
2 ± 12|s|
√|s|(1 + |s|)
1
2 ± 12|s|
√|s|(2 + |s|)
(−,−)(+,−) (+,−)
(−,+)
(−,+)(+,+)
(+,+)
(+,+)
(+,+)
♦
Next, we give an example with an infinite number of negative-definite islands for a
fixed value of s in any neighborhood of x = 1/2, and a little thought shows that one can
arrange a sequence of such “bad” points which converges to the boundary of P and thus
yields a countably infinite number of negative islands for a countably infinite number of
values of s.
Example 5.4 Consider CP 1 with moment polytope P = [0, 1] and symplectic poten-
tial gs =
1
2(x log x + (1 − x) log(1 − x)) + sψ(x), where ψ(x) is such that ψ′′(x) =
2 + e−1/(x−1/2)
2
sin
(
1
x−1/2
)
. One can verify that ψ′′(x) > 1 on [0, 1] and hence that
it is strongly convex.
At s = −1, we have g′′−1(1/2) = 0 and the oscillatory behavior of sin
(
1
x−1/2
)
shows
that there are an infinite number of open intervals on which g′′−1(x) > 0 interspersed by
intervals on which g′′−1(x) < 0, that is, there are an infinite number of positive and negative
islands in any neighborhood of x = 1/2 at s = −1. For any s < −1, there are only a finite
number of positive-definite and negative-definite islands on P, but one can arrange ψ to
consist of a convergent sum of such oscillatory terms centered on a sequence, say xn = 1/2
n,
of “bad” points. There will then be a decreasing sequence s1 = −1 > s2 > · · · > sn > · · ·
such that g′′sn(xn) = 0 and at s = sn there are an infinite number of positive and negative
islands in any neighborhood of xn.
Note that if a point x is in a negative-definite island at time s, it is in a negative-
definite island for all smaller s. Thus, the negative islands do not “move”, they just grow.
♦
We now turn to the complex structure on X. We will denote the polarization Pgs by
Ps; it is given in terms of the decomposition T(x,θ)X ≃ TxP ⊕ TθTn ≃ Rn ⊕ Rn by the
following lemma.
Lemma 5.5 For x ∈ Pˇ and θ ∈ Tn, Ps(x,θ) =
〈(
1
−√−1Hs(x)
)
v : v ∈ Rn
〉
.
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Proof. The (0, 1)-tangent bundle Ps is the kernel of
1+
√−1Igs =
(
1 −√−1H−1s√−1Hs 1
)
,
which is clearly equal to the claimed subspace.
For s ≤ −scvx, the Hessian Hs(x) is no longer necessarily positive definite and hence
no longer defines a positive complex structure at every point, but the polarization Ps is
nevertheless well defined (it is a smooth complex integrable Lagrangian distribution). For
x ∈ P such that detHs(x) 6= 0, Ps(x,θ) is the (0, 1)-tangent space of a complex structure
which is not necessarily positive with respect to ω. At such points, the induced “metric”
ω(x,θ)(·, J(x,θ)·) is an indefinite bilinear symmetric tensor whose signature is determined by
the signature of Hs(x) via (2.6).
At a point x0 ∈ P where detHs(x0) = 0, the next lemma shows that the polarization
Ps(x0,θ) is no longer purely complex and therefore does not define even an indefinite metric;
rather, the (possibly indefinite) metric ω(·, J ·) becomes singular as x approaches x0 from
an indefinite island.
Lemma 5.6 Ps(x,θ) ∩ Ps(x,θ) = (kerH(x))C ⊕ {0}.
Proof. By Lemma 5.5, if v ∈ kerH(x), then ( 1−√−1H(x))v = (v0) ∈ Ps(x,θ)∩Ps(x,θ). To show
the opposite inclusion, suppose v,w ∈ Rn are such that ( 1−√−1H(x))v = ( 1−√−1H(x))w ∈
Ps(x,θ). Then
(
v√−1H(x)v
)
=
(
w
−√−1H(x)w
)
. Comparing real parts shows w = v, and compar-
ing imaginary parts shows that H(x)v = 0, whence
(
1
−√−1H(x)
)
v =
(
1
−√−1H(x)
)
w =
(v
0
) ∈
kerH(x)⊕ {0}.
We conclude this section with short a discussion of the metric behavior of XP for s
slightly smaller than −scvx. Fix x0 ∈ Z and let v ∈ kerHs(x0). Then for small enough
ε > 0, the path x(t) := x0 + tv, t ∈ (0, ε) is in some island U . Fix θ ∈ Tn. As an
element of the tangent space T(x(t),θ)X, the length of v is γ
s(v, v) = tvHs(x(t))v and
hence goes to zero as t→ 0. On the other hand, the length of the path (x(t), θ), t ∈ (0, ε)
is
∫ ε
0 γ
s
(x(t),θ)(v, v)dt =
tv
(∫ ε
0 Hs(x(t))dt
)
v, which is some (finite) nonzero but possibly
negative constant, depending on the signature of Hs on U .
For x0, v and ε as above and fixed t ∈ (0, ε), the circle {(x(t), t′v) : t′ ∈ R} ⊂ {x(t)}×Tn
has circumference 2π tvH−1s (x(t))v. Expanding v in terms of an orthonormal eigenbasis of
H(x(t)) and using the fact that v ∈ kerH(x(0)) shows that 2π tvH−1s (x(t))v → ±∞ as
t → 0. That is, the angular size of the circle over x(t) = x0 + tv which is symplectically
dual to v grows without bound as x(t) approaches x0.
Rubinstein and Zelditch encode this observation, which is already easy to see from
(2.6), in terms of the Monge–Ampe´re measure as follows. For gs convex, the symplectic
form ω = dxj ∧ dθj can be written in terms of the Legendre dual variable ys = ∂gs/∂x
as H−1s dy
j
s ∧ dθj. The Liouville measure (−1)n(n−1)/2ωn/n! then becomes MA(gs)∧ dθ1 ∧
· · ·∧dθn, whereMA(gs) is the Monge–Ampe´re measure MA(gs) := detH−1s dy1s ∧· · ·∧dyns
on Rn (see equation (12) ff. in [RZ1]). Rubinstein and Zelditch show in [RZ2, Theorem
1] that the Monge–Ampe`re measure at the convex lifespan charges the singular set Z−scvx
with positive mass:∫
[0,−scvx]×Rn
ds ∧MA(gs) =
∫
Z−scvx
ds ∧MA(g−scvx) > 0.
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That is, as s→ −scvx, MA(gs) converges to a positive current supported on the zero set
of Hs.
5.2 Polarized sections in the negative-definite island
As always, we assume that X is equipped with a symplectic potential gs = gP +sψ, where
ψ ∈ C∞+ (P ), and we write ys := ∂gs/∂x and denote the Hessian of gs at the point x by
Hs(x). Recall from the last section that we decompose P \ Zs, where Zs := {x ∈ P :
detHs(x) = 0}, into a union of connected open sets
P \ Zs =
⋃
a+b=n
n
(a,b)
s⋃
j=1
U
(a,b)
s,j ,
where Hs(x) has constant signature (a, b) on the island U
(a,b)
s,j . Moreover, there is an
sneg > 0 and a family of negative-definite islands {U (0,n)s : s ∈ (−sneg,∞)} which is
increasing and fills Pˇ as s→ −∞.
For s > −scvx, the symplectic potential gs induces a positive Ka¨hler structure on all of
XP , and the (geometric) quantum Hilbert space—defined to be the space of holomorphic
sections of a prequantum line bundle L over XP—is spanned by the monomials σ
m
s asso-
ciated to integer points m ∈ P ∩Zn. (In this section, we do not incorporate the half-form
correction, so L is a line bundle with Chern class [ω/2π].) On the open orbit with respect
to a unit-norm section 1U(1) ∈ ΓXˇP (L), the section σms can be written wms e−(xys−gs)1U(1),
where ws = e
ys+
√−1θ.
Our first result is that even for s < −scvx, the vector space of Ps-polarized sections of
L is spanned by the monomials σms , m ∈ P ∩ Zn.
Theorem 5.7 The dimension dimker ∂¯s
∣∣
Γ(L)
is equal to #(Zn ∩ P ). In particular, the
set {σm : m ∈ P ∩ Zn} is a basis for ker ∂¯s
∣∣
Γ(L)
, where
σm|XˇP = em·(y+
√−1θ)e−(x·y−g)1U(1). (5.1)
Proof. In the dense open subset XˇP \ Zs, solutions of ∂¯sσ = 0 satisfy Cauchy–Riemann
equations and a basis of the infinite-dimensional space of solutions is given by the monomial
sections (5.1). Since there is a neighborhood of each vertex which is biholomorphic to a
neighborhood of 0 in Cn, the problem of finding those local solutions which extend to
XP becomes equivalent to the standard construction of holomorphic sections on toric
varieties (see (2.9) ff.). For a point in Zs ∩ Pˇ , certain components of J blow up; for
example, (1 + iJ)∂θj = ∂θj − √−1
(
H−1
)jk
∂xk . But since H is invertible away from the
zero locus of detH, a section u satisfies ∇(1+√−1J)∂θj u = 0 for all j = 1, . . . , n if and
only if it satisfies ∇(1+√−1J)Hjk∂θku for all j, and the vector field (1 +
√−1J)Hjk∂θk =
Hjk∂θk −
√−1Hjk
(
H−1
)kl
∂xl = Hjk∂θk −
√−1∂xl is well behaved near {detH = 0}. For a
point in the intersection of the zero locus Zs with the relative interior of a codimension p
face of P , the kernel of ∂¯s is the intersection of the kernel of ∂¯s in the directions transverse
to the inverse image of the face with respect to µ and the kernel in the longitudinal
directions. In the transverse directions, one has the usual Cauchy–Riemann conditions.
In the longitudinal directions, one may have to rescale some of the (0, 1) vector fields as
above.
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Next, we examine how Ps-polarized sections behave in indefinite regions in XP . Our
first result, Theorem 5.8, shows that for a polarized section associated to an integral point
in the polytope which lies in the negative-definite region, the pointwise norm of the section
increases monotonically as one moves from the integral point toward the boundary of the
negative-definite region. Theorem 5.10 then shows that for large negative s, the L2-norm
of a polarized section is concentrated outside of any compact set in the negative-definite
region.
Theorem 5.8 Let s < −sneg and suppose m ∈ P ∩Zn is in an island in P (0,n)s . Then the
pointwise norm of σms (which is T
n-invariant) is minimized at m and strictly increasing
on each ray emanating from m and ending on the boundary of the negative-definite island
containing m.
Proof. We have from (4.1) that |σms |2 = e2(m−x)·ys+2gs whence
grad |σms |2 = e2(m−x)·ys+2gs2(m− x) ·Hgs.
Integrating this along the path γ(t) = m+ t(x−m), t ∈ [0, 1] yields that the gradient of
the norm of the holomorphic section σms is
|σms |2 (x) = |σms |2 (m)−
∫ 1
0
e2t(m−x)·ys(γ(t))+2gs(γ(t))2t(m− x) ·Hs(γt) · (m− x)dt.
The result then follows since Hs is negative definite as long as γt is in the negative-definite
island.
Let φ(x) := (x−m) · ∂ψ∂x − ψ.
Lemma 5.9 Fix m ∈ P ∩ Zn and s0 < −scvx. Then for each s < s0 and each compact
set K ⊂ U (0,n)s , we have
1. |σms |(x, θ) = e(m−x)·y0+g0e−|s|φ(x), and
2. the function φ(x) achieves its maximum on ∂K.
Proof.
1.) follows from equation (4.1).
2.) follows from an argument similar to that of Theorem 5.8 (see also the proof of
[BFMN, Lemma 3.7], in particular the first two equations on p. 431).
Theorem 5.10 For each s0 < −scvx and for each compact set K ⊂ U (0,n)s0 with smooth
boundary ∂K such that φ achieves a unique nondegenerate maximum on ∂K, there exist
α,C > 0 such that for any s≪ s0 and for any section u ∈ H0s (XP , L),
‖u‖2L2(K,L) < Ce−|s|α‖u‖2L2(XP ,L). (5.2)
Remarks 5.11
1. The constants C and α depend on s0, K, ψ and XP , but not on s or u.
2. The theorem holds in much more generality, but we prove only the simplest case
here. Indeed, if φ achieves a degenerate minimum on ∂K, or if K is not smooth at
the minimum (for example, if the minimum occurs on a corner), then one actually
obtains a larger constant α. (See, for example, [BH, Sec. 8.3, 8.4 after (8.4.51)].)
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♦Proof. Fix m ∈ P ∩ Zn. By the lemma, for s < 0
‖σms ‖2L2(K,L) = (2π)n
∫
K
e2|s|((x−m)
∂ψ
∂x
−ψ)e2(m−x)y0−2g0 dnx,
which can be estimated for large |s| by Laplace’s method. In particular, for s large and
negative, the asymptotics are determined by the maximum of (x −m)∂ψ∂x − ψ on K. By
assumption, suppose this unique maximum occurs at the point x0 ∈ ∂K. Laplace’s method
then tells us that there exists CK,m > 0 such that for s→ −∞,
‖σms ‖2L2(K,L) ∼ CK,m|s|
−
(
n+
1
2
)
e2|s|φ(x0)
where φ(x0) = (m−x0)∂ψ∂x (x0)−ψ(x0), and CK,m is an s-independent constant2 [BH, eqn.
8.3.64].
Consider now a slightly larger K ′ ⊃ K still contained in U (0,n)s (sufficiently close to K
such that our hypothesis hold also for K ′). Since φ is increasing along the ray from m
through x0, the unique maximum of φ on ∂K
′, which occurs at some point x′0 ∈ ∂K ′, is
strictly larger than φ(x0). Hence, we see that there exists constants C := CK,m/CK ′,m > 0
and α := φ(x′0)− φ(x0) such that for s→ −∞,
‖σms ‖2L2(K,L)
‖σms ‖2L2(K ′,L)
∼ Ce−|s|α
Since ‖σms ‖2L2(XP ,L) > ‖σms ‖2L2(K ′,L), the above estimate holds if we replace K ′ by
X (with a possibly larger α and different C > 0). In particular, if we denote the L2-
normalized section σms /‖σms ‖L2(XP ,L) by σˆms , then we have shown that there exist constants
CK,m, αK,m > 0 such that
‖σˆms ‖2L2(K,L) ∼ CK,me−|s|αK,m (5.3)
as s→ −∞.
Finally, since the sections σˆms , m ∈ P ∩ Zn form an orthonormal basis for H0s (XP , L),
there exists coefficients dm ∈ C, m ∈ P ∩Zn such that u =
∑
m dmσˆ
m
s and ‖u‖2L2(XP ,L) =∑
m |dm|2. Let m0 be such that α := αK,m0 = min{αK,m : m ∈ P ∩ Zn} and m1 be such
that C := CK,m1 = max{Cm,K : m ∈ P ∩ Zn}. The L2-norm of u restricted to K is
‖u‖2L2(K,L) =
∑
m,m′
d¯mdm′
∫
K×Tn
σˆms σˆ
m′
s d
nθ dnx
= (2π)n
∑
m
|dm|2
∫
K
|σˆms |2 dnx
=
∑
m
|dm|2‖σˆms ‖2L2(K,L)
< CK,m0e
−|s|αK,m0 CK,m1
CK,m0
‖u‖2L2(XP ,L)
where the last inequality follows from 5.3 and the fact that we take s sufficiently negative.
2In fact, CK,m = (2pi)
2n−1
2 exp(2(m − x0)y0(x0) − 2g0(x0))/|J(x0)|
1
2 , where J is a certain function
depending on ψ, g0 and a choice of parameterization of ∂K near x0. See [BH, Sec. 8.3] for details.
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Remark 5.12 One hasH0s (XP , L) := ker ∂¯s
∣∣
Γ(L)
⊂ L2(XP , L), which means in particular
that norm on the right-hand side of (5.2) is finite. ♦
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